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Abstract

S. Ramanujan recorded many modular equations in his notebooks. In our study, we
obtain few new mixed modular equations by using some familiar modular equations
which are analogous to Ramanujan’s modular equations.
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1 Introduction

Ramanujan [12, vol II] in his notebooks has documented some modular equations. Fur-
ther, these are proved by B. C. Berndt [8] using parametrization and modular forms. Also
C. Adiga et al. [2], M. S. M. Naika [9,10], M. S. M. Naika and S. Chandankumar [11]
and N. Saikia and J. Chetry [13] have also obtained some modular equations of signature
three. Ramanujan [12] begins his study on modular equations in Chapter 15 by defining

< (1
5 1
F(z) = ( 12 = Z 2' 0(5;1’)7 [ < 1.

n=0

3

He then states a trivial identity

2t
F{——)=QQ+t)F{). 1
() - a+ore) 0
After setting o = 2¢/(1 +t) and B = 2¢? in (1), Ramanujan offers a modular equation of
degree two given by

ﬂ(z - (1)2 - 0427
and the factor (14 ¢) in (1) is called the multiplier. Further Ramanujan has developed

theory of elliptic functions in which ¢ is replaced by one or the other functions ¢", for
n = 3,4 and 6.

F 17 n 17 17 1—
Gn = qn(T) = exp <77rcsc(7r/r) 2 21}(7”(711:‘% L 1i0) )) 0<z<l,

where o F} represent the classical hypergeometric function defined as follows:
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and

()m =ala+1)...(a+m—1).
These theories are now known as the theory of signature n, where n = 3,4 and 6. For
n = 3 and 4, the theories are known as cubic and quartic theories respectively. Let us
now take up a modular equation as given in the literature. A modular equation of degree
n in the theory of signature two, is an equation relating o and 3 that is induced by

11 11
Fl=-,=11- Fl=,=11-
n? 1<2727 ’ O[) _2 1(2a27 ) ﬁ)

11 B 11
Fil=, =1« Fi
2 1(2a27 70{) 2 <2 27 76)

Then, we say that [ is of degree n over a and call the ratio

1
m:= —,
Zn,

the multiplier, where z; = oF} (%, %; l;a) and z, = oF} (1 1, 1,[3)
This paper is classified as follows. In Section 2, we list some P-Q) type theta function
identities which will be utilized to demonstrate modular equations of signature two. Fur-
ther in Section 3, we prove composite degrees of modular equations. Before that we
state some basic results, which are useful in our main results. All through this paper, we
assume |g| < 1. The standard g¢-shifted factorial is defined as

n [ee]

(@qo=1,  (6@):=[[(1-ag™) and  (a;q)e = [(1 - aq).

i=1 i=0

In classical theory, Ramanujan [1,12] has defined theta function [6, p. 36] as follows:

e(q) :==f(q,9) 1+Zq :(1;_7(‘7)()):0:93(0,‘1),

i 4759 )
w( _qu Zq i+1)/2 _ 72)

(45 4%)o0
f(=q) =f(=q,—¢") = > _(~1)'¢"*"~ 1/2+Z )" I = (¢;9)oe,
=0

where O3 is the classical theta function. We note that f(—¢") = f, throughout the
sequel.

2 Preliminaries
Here, we list certain modular equations as preliminaries which would be useful for our
main results.

Lemma 2.1. [7, p.209, Entry 55] Let

P= /1 and @ = —22
q2f7 afi
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Then 5 5
49 o) QO P (P
PQ+—= (%) —82—-8_+(=] .
V*pg (P) P g7 (Q)
Lemma 2.2. [7, p. 256, Entry 68] Let
f f3
P=—"T"" and Q=12
qfq @ @/ fa
Then

7 B Q 2 P 2
ra+pg=(5) -0+ (g)

Lemma 2.3. [7, p. 256, Entry 71] Let

fi
P=—— and = —.
q/* f7 @ q°/ fs

Then

oo fo- () (8 () -3

Lemma 2.4. [7, p. 210, Entry 56] Let

fi
P:q1/3f9 and @ =

*fis’

Then
PP+ @Q° = P°Q° + 3PQ.

Lemma 2.5. [7, p. 211, Entry 57] Let

f f
F= q1/21.fl3 and Q= Fzﬁ'
fhen 13 Q\° @ P [P\*®
ro+5=(3) -3 -15+(5)
Lemma 2.6. [7, p. 237, Entry 72] Let
f f
F= ql/zlfl and Q q3/23f39
Then 13 Q\> .Q P [P\’
PRt pg = (F) PTGt (a)
Lemma 2.7. Let
_ p(=9) , (="
P=0mp ™ = pngeny

Then
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and
(Qs) <C}235) +10 <Q5> <%> +15 {;+Qs} —20
= (P + 1 szf) 5

For the proof of (2) and (3), one may refer [17].

3 Main results

In this section, we state and prove certain modular equations of composite degrees with
the help of known modular equations listed in the previous section.

Theorem 3.1. If 3,v,0,n and ¢ have degrees 2, 7, 14, 4 and 28 over o respectively and
if

oz (ad(—a)' (=N e (B 81— )\
" <ﬁv(1ﬁ)4(17)4> o 8‘z4z14(6c<15>4<1<>4) ’

2227

then we have
(as® — br*)(br® — as*) = 49r*s* (1 — r?s%)?,

where
a=1"—8"—8?+1 and b=s"—8s"—8s%+1.
Proof. Let
fi fi fi
L= , M=—-% and N = . 4
Q2 f7 afis 7 f3 W
On employing (4) in Lemma 2.1, we obtain
49 M\* M L L\’
LM + — ) —8——-8—+ | — )
LM ( L ) L M (]W) )
and 5 5
49 N N M M
MN + — — — — | .
MN (N) 8 T8N +(N> (©)
From [6, p. 124, Entry 11(ii)], we have
fl=a) = V2270 (1 — 2) o (a/q) /. (7)
Using (7) in (5) and (6), we obtain
L zizyy (ad(1—a)(1—6)* 11z ()
= —
M zozr \By(1 = B)H (L —7)*
and
M zzg (Bn(1 /8)4 ) e (9)
= =3
N zgz1a \ 0¢(1 = 0)* (1 —¢)*
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Employing (8) and (9) in (5) and (6) respectively, we deduce
rtM* — aM? 4+ 49r? = 0 (10)

and
s*M* — bM? + 49s* = 0, (11)
where a and b are as defined as in Theorem 3.1. From (10) and (11), we deduce
M* B M? B 1
49(br2 — ast)  49r2s2(1 —r2s2)  as? — brt’

which implies
4 A9(br? —as?)

M as? — br# (12)
and 49 2 2( 2 2)
res*(1 —rs
M==""" " 13
as? — brt (13)
On combining (12) and (13), we obtain the desired result. O

Theorem 3.2. If 5,v,0,n and ¢ have degrees 3, 7, 21, 9 and 63 over o respectively and
if

o ()™ e - B (™

then we have

(br — as®)(br® — as) = Trs(1 — r?s%)?,

where
a=1r"-3r*+1 and b=s"—3s"+1.
Proof. Let
fi 3 Jo
L=—— M= and N = . 14
g\ fq ¢/ fa q°/* fe3 14
On employing (14) in Lemma 2.2, we obtain
7 M? L\’
e o (Y s (1) -
and 5 )
7 N M
MN+ —=|—| — — | . 1
. ( M) 3+ ( N) (16)
Using (7) in (15) and (16), we obtain
L 21291 (a6(1 —a)}(1 —5)4)1/24 (17)
= -0
M zzr \By(1 = B)H(1 — )

and

M [zszgs ((Bn(1—B)* (1 —n)! 1/24 B
N n 29291 (54(1 _ 5)4(1 _ C)4 ) =S. (18)
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Employing (17) and (18) in (15) and (16) respectively, we deduce
PMY—aM? £ Tr =0 (19)

and
sM* —bM? +7s* = 0, (20)

where a and b are as defined as in Theorem 3.2. From (19) and (20), we deduce

M1 M? 1

T(br —asd)  Trs(l—r2s2)  br® —as’

which implies

7(br — as®)
M= — 21
br3 — as (1)
and Trs(l— r282)
rs(l —r’s
M= "7 22
br3 —as (22)
On combining (21) and (22), we obtain the desired result. O

Theorem 3.3. If 8,7,d,n and  have degrees 5, 7, 35, 25 and 175 over o respectively
and if

- \/% <Oé§(1 — a)4(1 _ 5)4)1/24 I \/% (577(1 _ 6)4(1 _ 77)4)1/24
zpzr \Sy(1 = B)H(1 — ) zo5235 \ 0C(1 —8)4(1 — ¢)* )

then we have

(br — as®)(as — br®) = 49r?s*(1 — rs")?,
where
a=—1"—5r° 5% —5r+1 and b=—5%—55+55%—5s+1.

Proof. Let

JRE [ VRSN  SERN I

q\ifr @ fzs ¢/ fizs
On employing (23) in Lemma 2.3, we obtain

oo () () (- ()

(MN)2—5+(];—]9V)2: (%)3—5<%)2—5<%)2—<%>3. (25)

Using (7) in (24) and (25), we obtain

(23)

and

R e I -
and
¥V () - o
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Employing (26) and (27) in (24) and (25) respectively, we deduce
M8 —aM* 4+ 49r =0 (28)

and
sM® — bM* +495° = 0, (29)
where a and b are as defined as in Theorem 3.3. From (28) and (29), we deduce
Y O
49(br —as®)  49rs(1 —rist)  as —brd’

which implies

49(br — as®)
My =" 7 30
as — brd (30)
and 19rs(1 — rsh
rs(1 —ris
MEq="" "~ "/ 1
as — brd (81)
On combining (30) and (31), we obtain the desired result. O

Theorem 3.4. If 5,v,0,n and ¢ have degrees 2, 9, 18, 4 and 36 over o respectively and
if

e \/> <§j8—§§8—3>/ and > = \/» (i?ﬁ—g):((ll - g)j >/

then we have

(br — as)(as* — br?) = 3r2s*(s — r)?,

where
a=r"41 and b=s41.
Proof. Let
_h fe )  fa
b= a3 fy’ M= 3> fis and A= 4“3 fzs (32
On employing (32) in Lemma 2.4, we obtain
LP 4+ M3 = L*M? + 3LM (33)
and
M3+ N3 = M?N? + 3MN. (34)
Using (7) in (33) and (34), we obtain
L 21218 [(@d(1l —a)*(1 - §)* 1/24 (35)
= —
M 22 \ (1= B)H(1—)*
and
% _ [*2*%36 Bn(1 — 5)4(1 - 77)4 i — (36)
N 24718 5((1 - 5)4(1 - C)4 .

Employing (35) and (36) in (33) and (34) respectively, we deduce

r?M? —aM +3r =0 (37)
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and
$2M? —bM +3s =0,

where a and b are as defined as in Theorem 3.4. From (37) and (38), we deduce

M? M 1

3(br —as) 3rs(s—r)  as®—br?’

which implies

3(br — as)
2 _
M= as? — br?
and 3rs( )
rs(s —r
M=—————7"
as? — br2

On combining (39) and (40), we obtain the desired result.

(38)

Theorem 3.5. If 5,v,0,n and ¢ have degrees 2, 13, 26, 4 and 52 over a respectively and

if

R () e (R

then we have

(as? — br*)(br? — as*) = 13r*s* (1 — r?s%)%,

where
a=7r8—art —4? +1 and b=sb — 45t — 4% + 1.
Proof. Let
:1/‘21 7M:i and N = 2f4.
q'/2 f13 qf2 q* fs2

On employing (41) in Lemma 2.5, we obtain
LM+13— MY’ 4M 4L+ LY
LM\ L L M \M
and

MN \M M N N
Using (7) in (42) and (43), we obtain

£ _ 21226 <Oz(5(1 _ 04)4(1 _ 5)4>1/24 .
Br(1 = B)H1 — )t

M 29213

3 3
MN + 5 — (ﬁ> 7&7&%%) .

and

M [zzs (Bn(l— BYA(1 — ) 1/24 B
N 24296 (5((1 _ 5)4(1 — C)4 ) =s.

Employing (44) and (45) in (42) and (43) respectively, we deduce

rMt—aM?+13r2 =0

> 1/24
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and
s2M* — bM? + 135" = 0, (47)

where a and b are as defined as in Theorem 3.5. From (46) and (47), we deduce

M* M? 1

13(br? — as*) - 13r2s2(1 — r252)  as? — br?’

which implies
_ 13(br? — as?)

4
M R (48)
and 22 2g2)
13r°s%(1 —r°s
M= 49
as? — brt (49)
On combining (48) and (49), we obtain the desired result. O

Theorem 3.6. If 3,7,6,n and ¢ have degrees 3, 13, 39, 9 and 117 over « respectively
and if

S T <a6<1—a>4<1—5>4)”24 and s — [T (ﬁn(l—ﬁ)4(1—n)4>1/24
2 \By(1 = B)(1 = )" TV R \KO=9M-0T)

then we have

(as — br)(br — as®) = 13r?s%(1 — r%s%)?%,

where
a=7r"=3r" -3 —3r +1 and b=s"—3s" 352 —3s+1.
Proof. Let
f1 f3 fo
N = N= . 50
q'? fi3 7* fz o ¢° fur (50
On employing (50) in Lemma 2.6, we obtain
13 M\* M L L\’
IM+— = (=) —3=-3-3=+ (= 51
AT (L) I ]V[+(M> (51)
and 5 )
13 N N M M
MN+—=|—) —3—=-3-3— — | . 52
* MN (M) M N + (N) (52)
Using (7) in (51) and (52), we obtain
L Z1230 [(@d(1 — a)*(1 - §)* 1724 (53)
— = =r
M z3z13 \By(1 = B)H (1 —)*
and
% _ [FAur An(l = B)*(1—n)* R — s (54)
N 29239 (5((1 — 6)4(1 — C)4 '

Employing (53) and (54) in (51) and (52) respectively, we deduce

M —aM? 4+ 13r =0 (55)

301
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and
sM* — bM? 4 135* = 0, (56)

where a and b are as defined as in Theorem 3.6. From (55) and (56), we deduce

Mt M
13(br —as3)  13rs(1 —r2s?)  as — br3’

which implies
4 13(br —as®)

M : 57
as — br3 (57)
and 13rs(1 — 12%)
a2 Brs—rs®)
as — br3 (58)
On combining (57) and (58), we obtain the desired result. O
Theorem 3.7. If 5 and v have degrees 3 and 9 over a respectively and if
B . 1/4 B B 1/4
() (U
of By
then
rs(br® — as®)(ar — bs) = (r* — %)%,
where
a=1"—6r+6 and b=s*—6s+6. (59)
Proof. Let
o(—q) o(=a*) )
L=—"——, M=—"—7-— and N=—— 1. 60
2PU) ) oo
On employing (60) in (2), we have
16 L\* [(M\?
e S () (M) o o
and ) )
16 M N
MN+— (=) —(2) —6= P
* MN <N> <M> 6=0 (62)
From [6, pp. 122-123], we have
p(—q) = Vz(1 - )"/ (63)
and "
2 vz ([
YE(Z 64
v =% (%) (64

From (63) and (64), we obtain
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Using (65) in (60), we deduce
i (8 —a)(l—ﬂ))1/4 .
af

and

Using (66) and (67) in (61) and (62) respectively, we deduce
M® —arM* +1r* =0

and
M® —bsM* + st =0,

303

(66)

(67)

(68)

(69)

where a and b are as defined as in Theorem 3.7. From (68) and (69), we deduce that

MB M4 1

rs(brd — as®) R

which implies
rs(br® — as®)

M8 =
ar — bs

and . .
4 Th—s

ar —bs
On combining (70) and (71), we complete the proof.

Theorem 3.8. If 5 and v have degrees 5 and 25 over o respectively and if

then, we have
r2s%(a — br?s?) (b — ar’®s?) = 256(1 — ris*)?

where
a = u®+ 10u® + 12u — 40 and b =03+ 100% + 120 — 40,
with
1
u=r-+ - and V=54 —.
T S
Proof. Let
©(—q) o(—4¢°) o(—q*
= —— M=—T—" and N=——r"7=
q*(q?) P (q'°) q*P(q

From (3), we have

OROR

= (LM)* +

() + (7)
256
(LM)?

(72)
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and

() + o) o () ()

M N
+ 15 + - 20

N M
256
= (MN)? : 4
(N + (1)
Using (65) in (72), we observe that
I _ 1/4
L_(BlzoNT (75)
M a(l —5)
and "
M 1-—
M (M) s (76)
N \B(I=7)
Using (75) and (76) in (73) and (74) respectively, we obtain
r*M® — ar® M* + 256 =0 (77)
and
M® — bs* M* + 2565 = 0, (78)

where a and b are as defined as in Theorem 3.8. From (77) and (78), we deduce that

M3 Mt 1

2565%(b — ar?s?) B 256(r4st — 1)  r2(a — br2s?)’

which implies
~ 2565%(b — ar’s®)

M=\ = °/
2(a — br2s?) (79)
and 256(rts* — 1)
rist —
M==" 80
r2(a — br2s?) (80)
On combining (79) and (80), we complete the proof. O

4 Conclusions

Inspired by the earlier works that are cited herein, in the present article certain modular
equations that are analogous to Ramanujan’s identities are established. The authors
believe that many of the recent works (see, for example, [3-5,14-16]) are potentially useful
for indicating directions for further research on ¢-series, g-polynomials and ¢-differences
based upon the subject matter which is related to that of our present investigation.
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